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In the present time there is a large number of papers (e.g. [1–5])
dedicated to investigation of the actinide metals and their com- 
pounds. This can be explained not only by their strategic impor- 
tance, but also by their unusual physical properties. One of the 
least studied metals in this group is neptunium [6], which stands 
just in front of plutoniu m in the periodic table. The experimental 
data on speciﬁc heat is available only for a-Np in the temperature 
range 0–300 K [7,8]. At the same time Np possess a large value of 
the linear coefﬁcient of electronic heat capacity (14.2 mJ/K 2),
which is second after plutonium in the actinides series [1]. The 
estimation of coefﬁcient of electronic heat capacity of Np based 
on the results of LDA-calculations of its electronic structure [9]
gives the value that several times smaller than 14.2 mJ/K 2. It means 
that Np probably can be attributed to the group of strongly-cor re- 
lated materials and thus can exhibit complicated temperature 
dependenci es of the electronic contributions to the thermal and 
elastic properties. 
On the other hand, it is known that the principal contribution to 
thermal and elastic properties is represented by the lattice subsys- 
tem. At the same time there is a number of indications to that Np 
can be characterized by strong anharmonici ty of its lattice vibra- 
tions (the phonon anharmonicity ), e.g. the enhanced values of its 
volumetric thermal expansion coefﬁcient [10] and heat capacity 
[7,8]. The phonon anharmonici ty of neptunium as well as its elec- 
tronic subsystem can provide nonlinear in temperat ure contribu- 
tions to the thermal and elastic properties (in particular , to the 
heat capacity).ll rights reserved. 
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novich), a.a.povzner@ustu.ruIn the papers [11–13] a self-consi stent thermodynam ic model 
has been developed, which on the basis of generalization of the De- 
bye model, describes the effect of phonon anharmonicity on the 
thermal and elastic properties of metals. This model enabled to de- 
scribe the unusual temperature dependenci es of thermal proper- 
ties of plutoniu m [13] and correctly determine the electronic 
contributi ons that in case of Pu are also affected by the spin anhar- 
monicity [3,13].
In the present study we develop a self-consiste nt thermody- 
namic model for neptunium and make quantitative estimation of 
its phonon anharmonicity parameters. In terms of the develope d
model we has calculated the temperature dependencies of molar 
heat capacity, volumetric thermal expansion coefﬁcient, bulk mod- 
ulus and Debye temperat ure of a-Np (exists in the range 0–554 K)
and b-Np (554–850 K). The c-phase of neptunium has not been 
considered since it exists in a rather narrow temperature range 
prior to the melting point (850–913 K) and experimental data on 
the properties of this phase, necessary for the self-consiste nt calcu- 
lations, are not available .2. Model description 
It is well established that in real solids the lattice vibration s are 
anharmoni c and that leads to the effect of thermal expansion. The 
general form of potential of atoms interaction is deﬁned by the ser- 
ies of terms of the form anb, where n is the generaliz ed displace- 
ment and a, b are constants. In the harmonic approximat ion b = 2
and therefore in the high temperature limit the energy per one 
mode equals kT/2, whereas the total energy of crystal is 3NkT,
where N is the number of atoms, k is Boltzmann’s constant and T
is the temperature. In the presence of anharmonicity the sum over 
all modes will no longer equal 3NkT and this can be taken into 
account via temperature -dependent characterist ic Debye tempera- 
ture. Exactly such an approach is implemented in the self-consis- 
tent thermodyna mic model [11–13], in which the Debye 
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ture and volume. The averaged Debye temperat ure is averaged va- 
lue of the ‘‘partial’’ Debye temperatures hl and ht:
h ¼ 3
1=h3l 2=h
3
t
 !1=3
: ð1Þ
The ‘‘longitudin al’’ Debye temperatur e correspo nds to the longit u- 
dinal mode of acoustic vibration s
hl ¼ hkB
6p2NA
V
 1=3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃB þ 43 G
q
s
; ð2Þ
and the ‘‘transver se’’ Debye temperature correspo nds to the trans- 
verse mode of acoustic vibrations 
ht ¼ hkB
6p2NA
V
 1=3 ﬃﬃﬃG
q
s
; ð3Þ
where ⁄, NA are Plank and Avogadro constants, respective ly; q = l/V
is mass density ; B and G are bulk modulus and shear modulus, 
respective ly, l is the molar mass. The elastic modules that enters 
the expressions for Debye temperatu re component s can be conven- 
tionally expressed through the bulk modulus and Poisson coefﬁ-
cient r:
B þ 4
3
G ¼ 1  r
1 þ rB ¼ 3NlB; G ¼ 3
1=2  r
1 þ r B ¼ 3NtB: ð4Þ
In the expression (4) the following designatio ns for the N(r)-func-
tions are adopted 
Nl ¼ 1  r1 þ r ;Nt ¼
1=2  r
1 þ r : ð5Þ
With the said, the Debye temperat ure takes the following form: 
h ¼ h
kB
6p2N2A
 1=3 ﬃﬃﬃ3
l
s
N1=2B1=2V1=6; ð6Þ
where the N(r) -function is 
N ¼ 3
1=N3=2l þ 2=N3=2t
 !2=3
: ð7Þ
Thus we have replaced the dependenc e of Debye temperat ure on 
shear modu lus by dependenc e on Poisson’s coefﬁcient r, which is 
assumed to be temperat ure-indepe ndent and which in the present 
study is a ﬁtting paramete r of the model. Considerin g that bulk 
modulus B is deduced from its thermodynam ic deﬁnition (see be- 
low), we obtain the Eq. (6), which to some approximat ion can be ap- 
plied to non-cubic metals in contrast to the initial Eqs. (2) and (3).
In order to calculate the ‘‘static’’ thermodyna mic functions of 
crystal lattice of a paramagneti c metal one can use two thermod y- 
namic potential s: the Gibbs thermodyna mic potential (TDP) and 
the Helmholtz free energy (FE). The different ials of molar TDP 
and FE have the form: 
dU ¼ SdT þ VdP;
dF ¼ SdT  PdV : ð8Þ
The derivatives of TDP and FE of different orders and with respec t to 
different paramete rs enable to calculate the whole complex of the 
most important thermal and elastic properti es. The expression s
for TDP and FE can be written in the tradition al additive form 
U ¼ U0 þUph þUe: ð9Þ
Here U0 = U0(P) is the ‘‘constant ’’ part of TDP, which is temperatur e
indepen dent but is a function of pressure; Uph = Uph(h(P), T) is the molar lattice (phonon) part of TDP responsib le for the contributio n
of acoustic vibrati ons of a solid: 
Uph ¼ 3R 38 hþ T/ðzÞ
 
; ð10Þ
where z = h/T is the inverse reduced temperat ure and /(z) =
ln (1  ez) D(z)/3 (D(z) is the standard tabulated Debye function).
Uel is the electronic part of TDP expressed as following :
Uel ¼  1T
2
2
; ð11Þ
where 1 is the coefﬁcient of electronic heat capacity, which in the 
framewo rk of the present study is temperatu re indepen dent. 
As one can see from (6) and (10) the Debye temperature h en-
ters the deﬁnition of the phonon part of thermodyna mic potential 
Uph = Uph(h,T) and at the same time is a function of temperature .
Since all the calculated thermal and elastic properties are deﬁned
from the phonon TDP Uph = Uph(h,T), the Debye temperature affects 
these properties. The change in the properties, in turn, leads to the 
Debye temperature renormalization. Thus one can construct an 
iterative procedure for the self-consistent calculatio ns of tempera- 
ture dependenci es of the Debye temperature , thermal and elastic 
propertie s, that accounts for the effects of phonon anharmonici ty. 
It is worth noting that thus accounted effects of the phonon anhar- 
monicity are related to thermal expansion, whereas in general pho- 
non anharmoni city can also manifest in peculiarities of the phonon 
spectrum, which are not captured by the present model. However, 
the features of phonon spectrum make signiﬁcant impact primarily 
at low temperature s, while in a wide temperat ure range, which is 
the case for this study, the main effect is due to the thermal 
expansion.
In terms of the model under consideration we introduce the 
generaliz ed dimensionle ss Gruneise n parameters, which for a ther- 
modynamic quantity f = f(T, V) at constant temperature and pres- 
sure are deﬁned as 
cf ¼
V
f
@f
@V
 
TP
; cf ¼
V2
f
@2f
@V2
 !
TP
: ð12Þ
It is clear that the generalized Gruneisen parameter ch of the ﬁrst
order of the Debye temperat ure up to sign coincides with the 
well-kno wn Gruneisen paramete r of a solid C ¼  @ ln h
@ ln V, which char- 
acterizes the degree of lattice vibrations anharmon icity. As shown 
in [11] the Gruneisen paramete rs of the Debye temperatur e ch
and ch in the framewo rk of the self-con sistent thermo dynamic 
model are expressed throug h the Gruneisen paramete rs of bulk 
modulu s cB; cB and Poisson coefﬁcient cr; cr. The paramete rs cB
and cB depend on temperat ure and this leads to the temperat ure 
dependenc e of ch and ch. The starting (at T = 0 K) values of cB and
cB as well as the values of cr; cr; c1; c1 and Poisson coefﬁcient r rep-
resent the paramete rs of the model. 
Using the thermodyna mic potential described by formulas (9)–
(11), we obtain the following expression for the molar heat 
capacity:
CðTÞ ¼ T @
2U
@T2
¼ 3R CVRðzÞ 1  1z
@h
@T
 
P
 2
 T 3
8
þ DðzÞ
z
 
@2h
@T2
 !
P
( )
þ 1T; ð13Þ
where CVR(z) is the standard Debye heat capacity, normaliz ed to 3R. 
From the expression (13) one can see that in the absence of the tem- 
perature dependenc e of the Debye temperat ure, the molar heat 
capacity coincides with the Debye heat capacity CVR(z), i.e. with 
the heat capacit y calculate d within harmonic approximat ion. The 
self-co nsistent thermodynam ic model enables to calculate the 
Table 1
Lattice and electronic parameters of a- and b-Np.
a-Np b-Np
cB0 0.20 0.40 
cB0 1.96 1.48 
r 0.33 0.40 
cr 3.18 1.24 
cr 4.08 3.56
c1 4.00 2.00 
Fig. 1. Temperature dependence of the molar heat capacity of neptunium. 
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manner and thus account for an additional contributio n to the 
molar heat capacity associated with the phonon anharmon icity. 
The molar volume is deﬁned by the expression 
VðTÞ ¼ @U
@P
 
T
¼ V0  3RhchB
3
8
þ DðzÞ
z
 
þ 1c1T
2
2B
; ð14Þ
where V0 is the volume at T = 0 K, the second term is the lattice con- 
tribution and the third term is due to the electronic subsyste m. 
Then for the volumet ric thermal expansion coefﬁcient (VCTE) one 
can derive the formula 
OðTÞ ¼ 1
V
@V
@T
 
P
¼ 3Rhch
VB 
CVRðzÞ 1  Th
@h
@T
 
P
 
1
h
þ 3
8
þ DðzÞ
z
 
1
h
@h
@T
 
P
	
þ 1
ch
@ch
@T
 
P
 1
B
@B
@T
 
P


þ 1c1
VB 
T: ð15Þ
Finally, for the bulk modulus we obtain the expression 
BðTÞ ¼ V @
2F
@V2
 !
T
¼ B0 þ 3RV
3
8
chh T chCVRðh=TÞ  chDðh=TÞ
 	 
 1
2V
cffT2; ð16Þ
where B0 is the bulk modulus at T = 0 K. We should note that the 
values of V0 and B0 also belong to the list of ﬁtting paramete rs, 
i.e. are estimated from the conditio n of the best agreem ent betwee n
the experime ntal and calculate d data. Thus the present model con- 
tains a rather big amount of ﬁtting paramete rs, but all these param- 
eters have clear physical sense. Furthermore , the calculatio ns of the 
properti es are performed in terms of physicall y justiﬁed model, 
which compares favorably with the calculatio ns based on empirical 
relations hips that operate with some abstrac t polynom ial 
dependenc ies. 
3. The results and discussion 
By impleme nting the developed model we have performed the 
calculations of thermal and elastic properties of a- and b-phases of 
neptunium. For the calculations of electronic contributions to the 
properties of a- and b-phases of Np we used the value 14.2 mJ/ 
K2 for the electronic heat capacity coefﬁcient, which was obtained 
in [7] from ﬁtting the low-temperatu re (a-Np) experimental data 
on molar heat capacity by a conventional sum of cubic and linear 
terms. In the case of b-Np the electronic heat capacity coefﬁcient
is probably different , but keeping in mind that there is no any kind 
of experime ntal data for heat capacity of b-Np, to a ﬁrst approxi- 
mation one can adopt the value 14.2 mJ/K 2 for calculatin g the 
properties of both phases considered. As already mentioned above 
for neptunium there is rather limited amount of the available 
experimental data, but the availability of the data [10] on VCTE 
and mass density enabled us to make an estimation of the param- 
eters, characterizi ng the phonon anharmonicity of a- and b-phases
of Np and perform the self-consiste nt calculations of the thermal 
end elastic properties. The obtained values for the parameters are 
listed in Table 1.
It should be noted that the Poisson coefﬁcient r, which strongly 
affects the Debye temperature and (as a consequence) all thermal 
and elastic properties, can be determined from either data on elas- 
tic modules [5] or on the mean-sq uare displacemen t (MSD) of 
atoms from the equilibrium positions [12]. However, in the case 
of Np experimental data neither on elastic modules nor on MSD 
is available. Therefore in the present study the Poisson ratio along 
with the other parameters listed in Table 1 has been found from 
the condition of the best agreement between the experimental 
and calculated temperature dependenci es of neptunium proper- 
ties. In evaluating the Poisson’s ratio of a- and b-phases of Np we proceeded from the fact that at the phase transition from a-
to b-phase in plutonium, which is similar to the phase transition 
from a- to b-phase in Np, an essential increase in r is observed 
(r = 0.18 in the case of a-Pu while r = 0.28 in the case of b-Pu).
Thus for a-Np we obtained r = 0.33, whereas for b-Np r = 0.40. 
Since according to [10] the phase transition from a to b phase
occurs in the temperature range from 538 to 558 K, in all the ﬁg-
ures we plot the data for both phases considered in this tempera- 
ture range. Fig. 1 presents the results of calculations of molar 
isobaric heat capacity (Cp) of neptunium , which shows that our 
model explains the experimental data that is available up to 
300 K. The values obtained for the a-phase at higher temperature s
as well as the values for the b-phase in the entire temperature 
range of its existence have predictiv e character and point to the 
necessity of further experime ntal and theoretical investigatio ns 
of neptunium heat capacity. Also in Fig. 1 we show the heat capac- 
ity Cv of a-Np calculated at constant volume, i.e. neglecting the 
anharmoni c effects. One can see that at temperatures higher than 
Debye temperature the Cv curve is essentially lower than the Cp
curve, reﬂecting the sufﬁcient impact of the phonon anharmonici ty 
on the heat capacity of neptunium. 
Fig. 2 shows the calculated temperature depende ncies of the 
volumetr ic thermal expansion coefﬁcient of neptunium in com- 
parison with the experime ntal data [10]. Both a- and b-Np exhi- 
bit VCTE values, which are record high in comparis on with other 
metals, e.g. transition metals palladium and platinum [12], and 
which are comparable to alpha-plutoni um [14]. As can be seen 
from Fig. 2, although there is a ﬁnite electronic contribution to 
the VCTE of Np, the anomalousl y large values of VCTE are mainly 
caused by the lattice subsystem, particularly by the phonon 
anharmoni city. 
In Fig. 3 we demonstrat e our results of the bulk modulus calcu- 
lation of neptunium. According to our data at the point of phase 
transition from a- to b-phase of Np a quite dramatic change of 
the bulk modulus occurs: b-Np exhibits lower values of the bulk 
Fig. 2. Temperature dependence of the volumetric thermal expansion coefﬁcient of 
neptunium. 
Fig. 4. The Debye temperature of neptunium. 
Fig. 5. Temperature dependence of the mass density of neptunium. 
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noting that the similar changes are observed at the phase transi- 
tion from a- to b-phase of plutonium [5]. However, in order to ver- 
ify the results of our calculations , a big amount of experimental 
data on the bulk modulus of neptunium is required, whereas at 
the present moment this data is extremely sparse. The Debye tem- 
perature of neptunium at the phase transition from a- to b-phase
undergoes the changes, which are similar to those of the bulk mod- 
ulus (Fig. 4). From Fig. 4 one can see that, in general, our data on 
the Debye temperature of a-Np are in agreement with the data 
[7] obtained from the analysis of experime ntal data on heat capac- 
ity of a-Np.
As clear from Fig. 5, where the temperature depende ncies of 
neptunium mass density deﬁned as q = l/V are shown, the devel- 
oped model enables to describe the experimental data in a wide 
temperature range excluding some discrepan cies observed in the 
vicinities of the phase transitions. The discrepan cies can be ex- 
plained by the fact that the experimental data shown in Fig. 5
was obtained not by direct density measurements but has been 
converted from the data [10] on the relative elongation of the 
sample.
Fig. 6 shows the results of calculations of the Gruneisen param- 
eter C ¼  @ ln h
@ ln V of a- and b-Np as a function of temperat ure. This 
parameter describes the volume dependence of Debye tempera- 
ture and, in more general sense, provides information on the Fig. 3. Temperature dependence of the bulk modulus of neptunium. (See above- 
mentioned references for further information. )volume dependence of dispersion curves of phonon spectrum 
x(q), i.e. enables to deﬁne the degree of the lattice (phonon) anhar- 
monicity. From Fig. 6 one can see that with growing temperat ure 
the Gruneisen parameter of a-Np exhibits sufﬁciently rapid 
increase, however, exactly at the point of the phase transition a
dramatic drop of the phonon anharmonici ty occurs followed by Fig. 6. Temperature dependence of the Gruneisen parameter of neptunium (results
of the present study calculations).
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which were reached at the point of the phase transition from a- to 
phase are achieved again only in the temperature range close to 
the transition point to the c-phase of neptunium. As in the case 
of VCTE neptunium demonst rates the values of Gruneisen param- 
eter that are much higher as compared to transition metals. Thus, 
for palladium and platinum in the entire range of their existence C
does not exceed 3.1 [12]. Comparing to plutonium [5] we can point 
that neptunium possess the values of the Gruneise n parameter, 
which are typical for d-Pu (C = 3.8 at T = 480 K) but higher than 
in the case of b-Pu (C = 2.3 at T = 450 K) and c-Pu (C = 1.9 at 
T = 550 K). This conﬁrms the presence of strong phonon anharmo- 
nicity of neptunium. 
4. Conclusions 
In the present study in terms of the self-consi stent thermody- 
namic model we have calculated the temperature dependencies 
of thermal end elastic properties of a- and b-phases of neptunium. 
Many of the obtained dependenci es are predictiv e and point to the 
necessity of further experimental and theoretical investigatio ns of 
neptunium, especially its b-phase. We can summarize that a signif- 
icant role in formation of the features of neptunium thermal and 
elastic properties belongs to the phonon anharmonici ty. 
It is established that the value 14.2 mJ/K 2 for the electronic heat 
capacity coefﬁcient adopted from [7] enables to obtain a reason- able agreement with the experimental data. However, reﬁnement
and understand ing of this value as well of the electronic propertie s
of neptunium in general, presents the subject for further studies. Acknowled gements 
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